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INTRODUCTORY 

The  first  step  in  economy  of  time  in  learning  is  the  determina- 
tion of  precisely  what  associations,  what  bonds,  should  be  formed. 
After  the  minimal  essentials  of  results  have  been  satisfactorily 
determined,  there  remains  the  problem  of  discovering  the  best 
methods  and  devices  of  instruction  for  obtaining  these  results.  For 
arithmetic  the  first  problem  has  been  dealt  with  in  the  three  pre- 
vious reports  of  the  Committee  on  Economy  of  Time,  and  although 
it  is  not  yet  possible  to  make  a  final  statement  of  the  particular 
bonds  which  should  be  formed,  there  is  sufficient  unanimitj''  of 
agreement  on  a  number  of  items  to  warrant  a  compilation  of  the 
scientific  information  concerning  economical  methods  of  teaching. 
It  is  not  wise  to  wait  until  the  solution  of  the  first  problem  is  com- 
pleted before  attacking  the  second,  even  though  the  solution  of 
the  first  is  in  theory  a  prerequisite  for  the  second.  The  best  re- 
sults will  be  obtained  by  carrying  on  the  two  lines  of  work  simul- 
taneously. 

Below  are  stated  a  number  of  principles,  or  rules ;  some  of  them 
are  indicated  by  the  experimental  evidence  that  is  now  available;, 
others  are  deduced  from  general  psychological  or  educational  prin- 
ciples. Following  the  statement  of  the  rule,  the  evidence  upon 
which  it  is  based  is  described  briefly.  As  is  indicated  in  several 
instances,  the  available  evidence  is  not  conclusive,  but  it  is  thought 
best  in  this  report  not  to  emphasize  these  limitations.  The  num- 
bers in  parentheses  refer  to  the  bibliography  at  the  end  of  the  chap- 
ter. 
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THE  RULES 

1.  In  teaching  the  number  concept,  which  is  fundamental  in 
arithmetic,  purposeful  experience  with  concrete  objects  sliould  be 
provided.  Counting  and  measuring  are  two  of  the  most  fruitful 
forms  of  experience. 

The  evidence  for  this  principle,  while  somewhat  indirect,  is 
abundant.  It  is  found  in  the  origins  of  our  number  system,  and 
in  the  observed  behavior  of  children. 

Two  comments  are  needed.  In  the  first  place,  the  experience 
must  be  purposeful,  i.  e.,  must  be  in  response  to  a  need  or  purpose 
which  the  child  conceives  as  real.  The  mere  counting  of  splints  or 
measuring  of  objects  in  imitation  of  the  teacher  and  without  a 
purpose  may  have,  and  most  frequently  does  have,  no  meaning  for 
the  child.  In  such  cases  no  progress  is  made  toward  the  engender- 
ing of  the  number  concept.  The  other  point  to  be  remembered  is 
that  many  children  have  had  much  experience  of  this  sort  before 
they  come  to  school.  It  is  then  a  waste  of  time  to  require  them  to 
duplicate  it  in  school. 

2.  In  general,  the  meaning  sJiould  be  taught  before  the  word 
or  other  symbol  is  given  to  the  child.  This  applies  to  the  nuynber 
symbols  1,  2,  3,  4,  etc.,  and  to  the  technical  words  of  arithmetic  such 
as,  'add,'  'subtract,'  'foot,'  'yard,'  'pound,'  'gain,'  'how  much,' 
and  the  like. 

This  rule  is  deduced  from  general  principles.  Where  the  mean- 
ing is  difficult  to  give  or  is  beyond  the  comprehension  of  the  child, 
authorities  generally  agi'ee  that  the  symbol  or  process  may  be 
given  and  the  child  may  be  expected  to  acquire  some  degree  of 
meaning  from  its  use. 

3.  Learning  the  tables  is  a  matter  of  memorizing  and  the  rules 
for  memorizing  apply. 

For  arithmetic  these  rules  may  be  stated  as  follows,  unless 
otherwise  stated  they  are  deduced  from  the  general  rules  for 
memorizing. 

(a)  The  child  should  understand  the  meaning  of  the  combi- 
nations which  he  is  memorizing. 

Experimental  evidence  clearly  shows  that  logical,  or  meaning- 
ful, material  is  memorized  more  quickly  and  with  less  effort  than, 
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material  which  has  no  meaning.  In  order  that  the  child  may  under- 
stand what  he  is  memorizing,  numerous  authorities  have  urged  that 
he  be  required  to  develop  the  combinations.  However,  it  is  not  the 
meaning  of  a  particular  combination,  such  as  4  times  7  is  28,  that 
is  important  here,  but  the  meaning  of  the  operation  of  multiplica- 
tion. The  child  may  be  asked  to  develop  a  few  of  the  combinations 
in  order  to  get  this  meaning  of  the  operation,  but  after  he  has  this 
idea,  time  is  saved  by  his  being  told  the  combinations,  either  by  the 
textbook  or  by  the  teacher, 

(h)  Attentive  repetitions  are  necessary  to  fix  the  associations 
in  learning  the  tables.  These  repetitions  may  he  given  either  in 
isolated  drill  or  in  the  use  of  these  number  facts  in  the  doing 
of  examples. 

Mere  repetition  is  not  sufficient.  It  must  be  attentive.  This 
rule  applies  to  any  memorizing  which  occurs  in  arithmetic.  It  fol- 
lows from  the  general  laws  of  learning. 

(c)  For  permanent  memorizing  (which  is  desired  in  this  case) 
the  repetitions  of  drill  must  be  carried  beyond  the  point  where  im- 
mediate recall  is  just  barely  possible. 

(d)  The  learning  should  be  done  under  some  pressure  or  con- 
centration. 

(e)  Memorize  the  number  facts  in  groups,  noi  one  fact  at  a 
time. 

The  last  two  rules  make  it  advisable  to  concentrate  upon  a 
group  of  tables,  such  as  the  multiplication  tables,  and  learn  them  in 
large  units  and  in  a  reasonably  short  period  of  time.  For  example, 
it  is  unwise  to  distribute  the  learning  of  the  multiplication  tables 
over  several  months  or,  as  some  courses  of  study  would  have  it 
done,  over  two  or  three  years. 

4.  In  learning  the  tables,  the  different  combinations  are  not 
equally  difficult  and  the  number  of  repetitions  of  the  several  com- 
binations should  correspond  to  the  degree  of  difficidty,  the  most  dif- 
ficult receiving  tlie  largest  number  of  repetitions. 

This  requires  that  the  teacher  supplement  the  provisions  for 
repetition  of  the  number  facts  that  are  found  in  our  best  number 
primers,  because  in  them  the  easiest  combinations  occur  most  fre- 
quently. 
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Investigators  (7,  11,  12,  18,  19)  who  have  studied  the  relative 
difficulty  of  the  several  combinations,  agree  that  they  are  not  equal 
in  difficulty.  In  addition,  the  results  of  the  studies  which  have 
been  made  are  well  summarized  by  two  conclusions  stated  by 
Browne  (7)  and  one  by  Heilman  and  Shultis  (18). 

"The  ease  of  combining  is  directly  proportional  to  the  differ- 
ence between  the  two  digits  combined. 

' '  The  most  difficult  digits  to  combine,  where  no  common  factor 
is  present,  are  those  falling  between  the  two  extremes,  where  the 
difference  is  neither  very  large  relatively  nor  verj^  small.  These  are 
7  plus  5,  7  plus  4,  8  plus  5,  8  plus  3,  9  plus  5,  and  so  forth."" 

"Second  in  point  of  ease  arc  combinations  which  have  one 
very  low  number  such  as  1  or  2.  (Heilman  and  Shultis  state  that 
additions  of  equal  numbers,  such  as  6  plus  6,  are  easiest.  This 
agrees  with  Browne's  first  statement.)  " 

In  the  light  of  the  results  of  these  studies  the  pro^asion  made 
by  primary  number  books  for  drill  upon  the  different  combinations 
is  significant.  Holloway  (19)  tabulated  the  frequency  with  which 
the  addition  combinations  occurred  in  "three  of  the  best  primers." 
The  highest  frequency  of  occurrence  is  378,  for  3  to  2,  which  ap- 
pears to  have  about  median  rank  in  difficulty.  The  five  lowest  fre- 
quences are  34,  for  9  plus  9 ;  45,  for  8  plus  7 ;  47,  for  7  plus  7 ;  50, 
for  8  plus  5 ;  and  61,  for  6  plus  6.  Courtis,  Holloway,  and  Heilman 
and  Shultis  agree  that  all  of  these  combinations  are  more  difficult 
than  5  plus  5,  4  plus  4,  3  plus  3,  2  plus  2,  which  occur  133,  110,  149, 
and  183  times,  resi)eetivcly.  There  is,  then,  no  direct  correlation 
between  the  number  of  times  a  combination  occurs  in  our  "best" 
number  primers  and  the  difficulty  of  the  combination.  That  is, 
the  provision  for  drill  is  not  in  accord  with  the  need  for  it ;  so  the 
teacher  must  make  the  adjustment  needed. 

The  need  for  making  appropriate  provision  for  teaching  each 
combination  is  pointed  out  by  Counts  (11,  p.  55),  who  found  the 
frequency  of  error  for  certain  combinations  was  not  the  same  for 
different  groups  of  pupils.  He  says :  * '  This  would  indicate  that 
certain  rather  freakish  associations  are  established  in  different 
groups  through  pecular  methods  of  instruction  or  some  other  ex- 
perience common  to  the  individuals  making  up  each  group." 
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The  tables  of  the  other  operations  have  not  been  studied  as 
completely  as  have  the  addition  tables,  but  the  same  kind  of  situa- 
tion is  indicated.  The  several  combinations  appear  not  to  be  equally 
difficult,  although  the  order  of  difficulty  probably  is  not  the  same 
for  all  operations.  Also  a  study  of  our  "best"  number  primers 
would  doubtless  show  a  corresponding  failure  of  the  frequency  of 
occurrence  of  the  combinations  to  agree  with  the  need  for  practice 
upon  them. 

5.  The  achial  degree  of  difficulty  of  a  combination  to  any  one 
child  is  an  ' '  individual  pecidiarity. ' '  This  condition  makes  it  nec- 
essary to  supplement  class  drills  by  provisions  for  individual  prac- 
tice. 

This  statement  is  made  by  Courtis  (12).  Data  secured  by 
Counts  (11)  in  the  school  surveys  of  Cleveland  and  of  Grand  Rap- 
ids tend  to  corroborate  it.  It  also  is  in  agreement  with  our  general 
knowledge  of  individual  differences. 

6.  In  addition  and  multiplication  both  forms  of  each  combi- 
nation should  be  taught. 

Experimental  evidence  shows  that  for  the  child  3  plus  9  is  not 
the  same  as  9  plus  3.  Thus,  to  insure  that  the  child  will  know  both 
forms  of  a  combination  in  addition  and  multiplication,  he  must 
be  taught  both  (12,  18,  19). 

7.  In  column  addition,  grouping  digits  to  make  10  or  some 
other  convenieni  number  is  not  helpful.  A  variety  of  procedure 
is  to  be  expected,  and  the  best  results  are  obtained  when  pupils  are 
urged  to  work  rapidly  but  are  allowed  to  choose  their  own  methods. 

In  adding  columns  of  digits  it  is  frequently  possible  to  effect 
a  grouping  of  digits  whose  sum  is  10,  20,  or  some  other  number 
which  is  particularly  convenient  to  handle.  Beers  (5),  using  five 
classes  of  high-school  pupils,  found  that  the  introduction  of  group- 
ing in  column  addition  "decreased  the  accuracy"  of  the  work  as 
compared  \vith  the  addition  by  single  digits.  His  experiment  ex- 
tended over  five  weeks.  A  study  extending  over  a  longer  period 
or  one  dealing  with  pupils  in  the  fourth  or  fifth  grades  might 
yield  a  different  result,  but  on  the  other  hand  the  question  might 
be  raised  whether  a  large  expenditure  of  time  for  drill  would 
be  justified  by  the  demand  for  a  higher  rate  of  column  addition 
than  can  be  attained  by  addition  of  single  digits. 
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Arnet  (3),  using  adult  subjects,  found  that  those  who  were 
most  accurate  in  their  adding  did  not  make  combinations.  He 
states  that  the  most  striking  feature  of  the  adding,  which  was  done 
orally,  was  the  variety  of  procedure.  It  appears  that  adults  use 
many  devices  or  '  tricks '  which  are  individualistic  traits. 

Beers  found  that,  in  general,  the  best  results  (including  both 
rate  and  accuracy)  were  obtained  when  the  pupils  were  urged  to 
add  rapidly  but  were  allowed  to  choose  their  own  method.  This 
conclusion  was  reached  when  working  with  high-school  pupils  and 
might  not  apply  to  younger  pupils.  However,  our  knowledge  of 
individual  differences  would  tend  to  corroborate,  rather  than  con- 
tradict this  conclusion. 

8.  The  Austrian,  or  additive,  metJwd  of  subtraction  is  not 
superior  to  tlie  '  take-aivay'  method. 

More  or  less  empirical  statements  have  been  made  in  favor  of 
the  Austrian  method  by  writers^  on  the  teaching  of  arithmetic.  In 
opposition  to  these  opinions,  two  out  of  three  investigations  (7,  9, 
23)  show  the  'take-away'  method  to  be  superior  to  the  Austrian 
method. 

The  conclusion  to  be  reached  appears  to  be  that  as  yet  neither 
of  these  two  methods  of  subtractions  has  been  demonstrated  to  be 
distinctly  superior  to  the  other.  The  evidence  appears  to  be  slightly 
in  favor  of  the  '  take-away '  method  when  we  consider  the  character 
of  the  experiments,  but  probably  there  are  pupils  for  whom  the 
Austrian  method  will  be  the  most  effective  means  of  learning  sub- 
traction. The  teacher  should  bear  in  mind  that  neither  method  is 
a  panacea  for  the  difficulties  involved  in  learning  subtraction.^ 


'Brown,  J.  C.  and  Coffman,  L.  D.  How  to  Teach  Arithmetic,  p.  160; 
Smith,  D.  E.  The  Teaching  of  Arithmetic,  p.  46;  Suzzallo,  Henry.  The 
Teaching  of  Primary  Arithmetic,  p.  S6;  Young,  J.  W.  A.  The  Teaching  of 
Mathematics,  p.  235. 

^Mead  and  Sears  (23),  who  conducted  one  of  the  investigations  just  re- 
ferred to,  make  this  significant  comment:  "The  pupils  of  the  additive  class 
showed  over  and  over  again  a  confusion  of  the  two  processes,  a  skipping  back 
into  the  habit  of  adding  the  lower  figure  to  the  top  one.  The  'take-away' 
class  showed  almost  no  confusion  in  this."  This  comment  is  supported  in  a 
striking  way  by  the  median  score  of  the  '  Austrian '  group  after  they  had  spent 
ten  minutes  a  day  for  four  weeks  on  "addition  drill  pure  and  simple."  Their 
median  score  decreased  two  units.  During  the  same  period  the  'take-away' 
group,  who  were  given  the  same  addition  drill,  gained  nearly  three  units. 
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9.  In  'borrowing,'  it  is  better  to  increase  tJie  subtrahend  by 
one  tlian  to  decrease  tlie  minuend. 

This  rule  is  based  only  upon  Browne's  study  (7)  in  which  he 
used  four  adult  subjects.  In  xiew  of  the  fact  that  adults  were 
used,  the  conclusion  may  not  apply  to  school  children. 

10.  The  Austrian,  or  multiplicative,  method  of  division  is 
superior  to  the  direct  association  method  in  the  initial  stages  of 
learning. 

Mead  and  Sears  (23)  also  studied  multiplicative  division  in 
comparison  with  the  traditional  methods  of  division.  Two  third- 
grade  groups  of  pupils  were  selected  so  as  to  be  approximately  equal 
in  ability,  as  shown  by  a  preliminary  test  in  multiplication.  The 
experiment  extended  over  four  months.  The  following  conclusions 
are  quoted. 

"In  the  case  of  the  division  classes  there  seems  to  be  a  prefer- 
ence for  the  multiplicative  method  of  teaching  division.  The  reason 
probably  lies  in  the  nature  of  the  two  processes,  multiplication  and 
division.  The  child  does  not  have  the  same  tendency  to  confuse 
the  two  as  is  apparent  in  addition  and  subtraction.  If  he  has  used 
either  at  all  outside  of  school,  he  has  probably  used  one  as  much 
as  the  other.  The  very  placing  of  the  figures  in  the  written  forms 
suggests  different  processes.  The  foi-ms  +|  and  _|  suggest 
little  difference,  while  there  can  hardly  be  a  confusion  as  to  what 
to  do  when  the  child  meets  the  situations  x  i  and  5)20  •  He 
knows  in  the  latter  situation  that  "five  times  twenty"  is  not  fam- 
iliar, and  that  the  real  question  is :  "  five  times  what  are  twenty  ? ' ' 
There  is  not  the  same  possible  confusion,  then,  in  teaching  division 
by  the  shortened  multiplication  process  as  there  may  be  in  teach- 
ing subtraction  by  addition. ' ' 

Browne  (7),  who  used  adult  subjects,  has  also  studied  the  pro- 
cess of  division.  He  concludes :  ' '  Division  is  a  derived  process 
based  upon  multiplication.  Unlike  subtraction,  which  still  contin- 
ues to  be  largely  influenced  by  the  point  of  view  of  addition,  divi- 
sion tends  to  free  itself  from  the  point  of  view  of  multiplication 
and  to  develop  a  type  of  immediate  association." 

Both  of  these  studies  agree  that  in  the  learning  process  the 
best  results  are  secured  when  division  is  based  upon  multiplication. 
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Mead  and  Sears  did  not  extend  their  study  beyond  the  initial  stage, 
but  Browne  asserts  that  later  division  is  performed  by  direct  asso- 
ciation. If  this  is  the  case,  teachers  should  expect  the  Austrian 
method  to  disappear  when  the  pupil  is  sufficiently  advanced. 

11.  The  Austrian  metliod  of  placing  the  decimal  point  in  the 
division  of  decimals  is  more  efficient  than  the  traditional  method. 

Drushel  (14)  has  studied  the  relative  merits  of  the  two  meth- 
ods of  placing  the  decimal  points  in  division  of  decimals.  The 
common  rule  in  the  older  arithmetics  is :  "  There  are  as  many  places 
in  the  quotient  as  those  in  the  dividend  exceed  those  in  the  divisor. ' ' 
The  Austrian  method  is:  "First  render  the  divisor  an  integer  by 
multiplying  both  the  dividend  and  the  divisor  by  10  or  some  power 
of  10.  Then  pi'oceed  as  with  integral  divisors."  Upon  the  basis 
of  data  secured  from  624  subjects  (313  doing  two  examples  and  311 
doing  one  example),  together  with  some  facts  secured  from  their 
school  records,  he  concludes :  ' '  Regardless  of  what  the  texts  say,  it 
seems  in  the  light  of  the  investigation  described  above  that  the 
Austrian  method  should  replace  the  old  method  in  all  teaching  of 
division  of  decimals." 

This  study  is  based  upon  tests  given  to  college  freshmen  who 
had  had  no  arithmetic  in  their  high-school  course  and  the  conclu- 
sions are  based  only  upon  the  accuracy  of  the  work.  The  rate  of 
work  was  not  considered.  These  facts,  together  with  the  peculiar 
nature  of  the  test,  suggests  that  the  findings  need  corroboration. 

12.  Most  errors  belong  to  recurring  types.  The  most  frequent 
of  these  types  shoidd  receive  special  emphasis  so  that  they  can  &e 
eliminated. 

The  recurrence  of  certain  types  of  errors  has  been  shown  in 
a  number  of  investigations  based  upon  a  careful  analysis  of  test 
papers.^  For  example.  Counts  (11)  found  in  a  study  of  tests  of 
addition  of  fractions  given  to  the  eighth-grade  pupils  that  60  per 
cent,  of  the  errors  were  due  to  adding  the  numerators  for  a  new 
denominator  and  also  adding  the  denominators  for  a  new  denomi- 
nator, as  3/5  -j-  1/5=4/10.     TAventy-seven  per  cent,  of  the  errors 


^For  a  more  complete  statement  of  the  errors  which  have  been  found  to 
occur  most  f requontly  and  suggestions  for  correcting  them,  see  the  writer 's  text : 
Measuring  the  Etaults  of  Teaching,  Houghton,  Mifflin  Company. 
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were  due  to  multiplying  the  numerators  for  a  numerator  and  multi- 
plying the  denominators  for  a  new  denominator;  as  3/5  X  1/5=^ 
3/25.  In  a  test  where  it  was  necessary  to  reduce  the  sum  to  the 
lowest  terms  and  a  mixed  number  Kallom  (1)  found  that  19  per 
cent,  failed  to  reduce  the  result  to  a  mixed  number  and  18  per  cent, 
failed  to  reduce  it  to  its  lowest  terms.  About  half  failed  to  make 
cither  reduction.  About  one  pupil  in  twenty  failed  to  express  the 
result  correctly  when  reducing  a  fraction  to  its  lowest  terms,  writ- 
ing 20/15=1  5/15=1/3  instead  of  1  5/15=1  1/3. 

13.  Pupils  sliould  he  taught  to  use  an  abbreviated  pliraseology. 

Some  pupils  are  taught  to  call  the  digit  to  be  added,  or  subtract- 
ed, or  multiplied,  or  divided  as  well  as  the  result  of  the  operation. 
For  example,  in  multipljdng  857  by  6,  such  a  pupil  would  say  (or 
think)  :  "  6  times  7  is  42 ;  write  the  2  and  carry  the  4 ;  6  times  5  is 
30  and  4  is  34 ;  write  the  4  and  carry  the  3 ;  6  times  8  is  48  and  3  is 
51;  write  51."  This  may  be  abbreviated  thus:  "42,  write  2;  30, 
34;  write  4;  48,  51,  write  51." 

Conard  and  Arps  (10)  divided  64  high-school  pupils  in  two 
equal  groups.  An  equal  amount  of  practice  (8  periods)  was  given 
each  group.  One  group  was  taught  to  use  'economical'  methods 
i.  e.,  to  use  an  abbreviated  phraseology.  The  other  used  the  '  tradi- 
tional' methods.  Courtis'  Standard  Research  Tests,  Series  B,  were 
given  at  the  end  of  the  experiment.  The  'economical'  group  was 
superior  in  rate  of  work,  accuracy  and  had  a  smaller  variability. 
The  greatest  improvement  was  in  division.  The  detailed  data  which 
are  reported  suggested  that  many  of  the  very  low  scores  are  due 
to  the  use  of  'traditional'  methods. 

14.  After  tlie  initial  stage  of  practice,  drill  upon  tJie  funda- 
mental conibinations  sliould  be  given  by  means  of  examples. 

After  the  tables  have  been  taught  so  that  the  pupils  can  just 
give  the  combinations,  drill  must  be  given  to  fix  the  associations 
so  that  the  combinations  can  be  made  rapidly  and  accurately.  Two 
types  of  drill  are  possible :  ( 1 )  drill  upon  the  combinations  as  they 
occur  in  the  tables,  either  in  the  regular  order  or  in  a  mixed  order ; 
(2)  drill  upon  the  combinations  as  they  occur  in  examples.  The 
second  method  means  that  the  pupils  would  get  the  drill  upon  the 
combinations  by  doing  examples. 
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Courtis  (12)  has  studied  the  relation  between  "knowledge  of 
the  tables,"  as  shown  by  Tests  1  to  4  of  Series  A,  and  ability  to 
work  abstract  examples,  as  presented  in  Test  No.  7,  Series  A.  He 
concludes :  "  It  is  true  that,  in  general,  if  the  tables  of  combinations 
are  not  well  learned,  good  work  can  not  be  done,  but  it  is  not  true 
that  continued  study  of  tables  by  a  class  as  a  whole  or  continued 
practice  in  figuring  will  produce  continued  growth,...  Knowl- 
edge of  the  combinations  makes  for  speed  and  accuracy  (in  Test 
No.  7)  up  to  a  certain  point,  but  beyond  this  point  other  factors 
play  such  an  important  part  that  a  greater  knowledge  of  the  tables 
is  in  itself  no  benefit.  .  .  .With  such  indi^ddual  differences  it  must 
be  clear  that  knowledge  of  the  tables  is  not  in  itself  any  guarantee 
of  ability  to  work  examples." 

Mead  and  Sears  present  data  which  lead  to  the  same  conclu- 
«ion.  It  is  implied  also  by  both  Browne  (7)  and  Arnett  (3), 
and  in  our  present  concept  of  the  transfer  of  training. 

15.  The  period  of  practice  should  he  from  10  to  15  minutes. 

Although  the  optimal  length  of  practice  period  has  been  stud- 
ied by  a  number  of  investigators  (5,  16,  20,  25),  results  are  not 
very  definite.  The  most  elaborate  study  is  by  Kirby  (20)  whose 
conclusion  was  in  favor  of  a  short  period  (2  1/7  minutes)  although 
he  admits  that  such  a  short  period  has  a  practical  disadvantage. 
Taking  all  the  available  data  into  consideration,  the  best  length  of 
period  appears  to  be  from  10  to  15  minutes.  It  is  significant  that 
two  of  the  investigators,  Kirby  and  Beers  (3)  state  that  other  fac- 
tors which  contribute  to  improvement  are  more  important. 

16.  Children's  knowledge  of  iheir  previous  performances, 
com^bined  with  the  desire  to  surpass  those  records,  is  the  greatest 
factor  contributing  to  improvement. 

In  accounting  for  the  greater  improvement  by  those  pupils  who 
were  given  the  shorter  practice  periods,  Kirby  (20)  brings  out  this 
principle.  It  is  in  agreement  too,  with  the  work  of  Bryan  and 
Harter  and  of  other  students  of  the  learning  process.  Thorndike 
(29)  reached  a  similar  conclusion  when  working  with  adults. 

In  Bloomington,  Indiana,  after  the  Courtis  Standard  Eesearch  Tests,  Series 
B,  had  been  given  in  February,  1915,  in  an  experiment  ■which  Miss  Kerr  (17) 
reports,  drill  in  addition  was  given  five  minutes  a  day  for  six  weeks.     ' '  Each 
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pupil  was  given  his  scores  in  all  of  the  fundamental  operations  and  under  his 
teacher's  direction  compared  his  individual  scores  with  those  of  his  section, 
his  grade  and  the  Courtis  Standard  for  his  grade.  All  this  was  done  to  reveal 
to  him  his  own  condition  and  to  get  him  into  the  proper  attitude  to  help  him- 
self."  The  drill  was  further  motivated  by  weekly  contests  in  addition  for 
those  who  attained  certain  standards  of  accuracy. 

Series  B  was  given  again  at  the  close  of  the  six  weeks'  drill.  In  addition 
the  average  gain  in  number  of  examples  attempted,  or  rate  of  work,  was  1.4; 
in  accuracy  14  per  cent.  In  the  other  three  operations  there  was  practically 
no  gain.  These  gains  become  very  significant  when  we  find  that  Courtis  (13) 
gives  the  following  general  medians:  fourth  grade,  rate  7.4,  accuracy  64; 
eighth  grade,  rate  11.6,  accuracy  76.  The  gain  from  the  fourth  grade  to 
the  eighth  grade  is:  rate  4.2;  accuracy  12.  Thus  six  weeks'  drill  given  as 
indicated  above  produces  a  gaiu  equivalent  to  one  third  of  the  total  gain  in 
four  years  in  rate  of  work  and  a  greater  gain  in  accuracy.  While  this  unusual 
gain  may  be  due  in  part  to  the  fact  that  some  of  the  first  scores  were  relatively 
low,  this  plan  of  drill  is  undoubtedly  shown  to  be  very  effective. 

A  significant  feature  of  the  results  is  that  the  increased  median  scores 
were  accompanied  by  a  decreased  variability.  This  is  just  the  opposite  of 
what  usually  occurs  when  class  drills  are  given.  However,  we  might  reasonably 
expect  that  keeping  the  pupil  informed  of  his  standing  would  tend  to  do  this. 

17.  A  preliminary  practice  of  five  minutes  at  tlie  beginning 
of  ilie  recitation  serves  as  a  ^'mental  tonic." 

Browii  (6)  studied  the  effect  of  five  minutes  of  drill  upon  the 
fundamental  operations  given  at  the  beginning  of  the  class  period. 
Stone's  tests  in  the  fundamentals  and  in  reasoning  were  given  to 
the  sixth-grade  pupils  in  three  public  schools  and  one  private  school. 
In  each  school  the  pupils  were  divided  into  two  sections  of  equal 
ability  as  shown  by  these  tests.  One  section  was  given  five  minutes ' 
drill  upon  the  fundamentals  at  the  beginning  of  the  class  period. 
The  teachers  of  the  non-drill  sections  gave  no  drill  during  the  per- 
iod covered  by  this  study.  At  the  end  of  the  experiment,  tests 
similar  to  Stone's  were  given.  The  drill  sections  had  covered  the 
same  subject  matter  in  the  textbooks  as  the  non-drill  sections.  The 
drill  sections  made  a  much  greater  improvement  in  both  rate  of 
work  and  accuracy  than  did  the  non-drill  sections.  Moreover,  the 
teachers  of  the  drill  sections  reported  that  five  minutes  of  prelim- 
inary drill  acted  as  a  tonic. 

Phillips  (25)  repeated  this  experiment,  using  10-minute  drill 
periods  with  69  pupils  in  Grades  VI,  VII,  and  VIII.  With  the  ex- 
ception of  the  sixth  grade,  his  results  agree  with  those  of  Brown. 
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18.  In  the  operations  of  aritJimetic,  emphasis  sliould  he  placed 
upon  rapid  work  rather  than  upon  accuracy. 

The  relation  between  speed  and  accuracy  has  been  studied  by 
a  number  of  investigators.  Thorndike  (28)  concluded  that  the 
individual  who  is  most  rapid  in  his  work  is  most  accurate.  Also  in 
most  cases  speed  and  accuracy  increase  together.  The  writer  (24) 
studied  two  successive  records  of  sixth-grade  pupils  when  given 
the  Courtis  Standard  Research  Tests,  Series  B.  The  first  test  was 
given  at  the  middle  of  the  school  year  and  the  second  in  May.  In 
each  of  the  four  operations  the  majority  of  the  pupils  showed  a 
gain  in  both  rate  of  work  and  accuracy. 

Fukaya  (15),  using  five  adult  subjects  on  a  single-column 
addition,  obtained  data  from  which  he  concluded  that  "most  at- 
tempts to  secure  speed  are  successful  without  loss  of  accuracy,  but 
the  attempt  to  secure  accuracj^  is  unsuccessful  even  though  speed 
is  sacrificed.  The  maximal  amount  of  all-round  efficiency  in  num- 
erical computation  is  thus  secured  by  emphasizing  speed  rather 
than  accuracy."  This  conclusion  agrees  with  the  results  which 
AVimmer  (17)  obtained  with  sixth-grade  pupils. 

The  pedagogical  application  of  this  conclusion  is  obvious.  The 
teacher  should  emphasize  rapid  work  rather  than  accuracy.  Of 
course,  accuracy  should  not  be  neglected.  Tell  pupils  to  be  accu- 
rate, but  do  not  suggest  that  increased  accuracy  is  to  be  secured 
by  working  more  slowly.  The  greater  emphasis  should  be  placed 
upon  the  rate  of  work.  There  are  doubtless  exceptions,  and  there 
is  a  limit  beyond  which  this  general  relation  probably  does  not  hold. 

19.  PupUs  belonging  to  the  same  class  have  been  slioivn  to 
differ  icidely  in  achievement.  This  condition  makes  it  necessary  to 
provide  for  iridividval  instruction. 

The  existence  of  individual  differences  has  been  demonstrated 
repeatedly.  Their  presence  means  that  different  pupils  do  not  re- 
spond in  the  same  way  to  the  same  instruction.  Equal  opportuni- 
ty does  not  mean  equal  improvement.  One  pupil  makes  satisfae- 
tor7/  progress  under  certain  methods  and  defaces  while  another 
pupil  receiving  the  same  instruction  makes  little  or  no  progress. 
This  condition  requires  some  form  of  individual  instruction  which 
makes  it  possible  to  give  each  pupil  the  instruction  which  is  fitted 
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to  his  needs.  The  Courtis  Standard  Practice  Tests  and  the  Stude- 
baker  Economy  Practice  Exercises  are  two  devices  for  individual- 
izing drill  upon  the  fundamental  operations  with  integers. 

20.  The  Courtis  Standard  Practice  Tests  are  superior  to 
Thompson 's  Minimum  Essentials. 

Using  900  fifth-grade  pupils,  Mead  (21)  studied  the  relative 
effectiveness  as  practice  material  of  the  Courtis  Standard  Practice 
Tests  and  Thompson's  Minimum  Essentials  in  the  four  fundamen- 
tals. The  900  pupils  were  divided  into  two  approximately  equal 
groups.  The  Courtis  Standard  Eesearch  Tests,  Series  B,  were  given 
at  the  beginning  and  at  the  end  of  the  experiment,  which  extended 
from  February  to  May.  With  the  exception  of  division,  the  results 
are  slightly  in  favor  of  the  Courtis  Standard  Practice  Tests.  In  divi- 
sion the  improvement  of  the  two  groups  of  pupils  was  approximate- 
ly equal.  In  addition,  the  opinion  of  the  teachers  and  principals 
was  slightly  in  favor  of  the  Courtis  material,     (See  also  Ref.  22.) 

21.  Arithmetical  abilities  are  specific,  and  explicit  traiiiing 
must  he  provided  for  each  one. 

Numerous  studies  have  demonstrated  that  arithmetical  abili- 
ties are  specific,  i.  e.,  that  pupils  may  have,  and  frequently  do  have 
ability  to  do  one  type  of  example  without  possessing  an  equivalent 
degree  of  ability  to  do  even  a  closely  related  type  of  example.  For 
example,  Beers  (5)  found  that  practice  in  adding  columns  of  10 
digits  did  not  materially  affect  the  ability  to  add  columns  of  20 
digits.  This  means  that  in  order  properly  to  equip  pupils  to  d(» 
all  types  of  examples,  drill  must  be  provided  upon  each  type. 

22.  The  development  of  the  abilities  of  a  pupil  to  do  different 
types  of  examples  is  frequently  not  uniform.  To  meet  this  situa- 
tion, diagnosis  and  corrective  instruction  is  required. 

This  principle  follows  logically  as  a  corollary  of  the  preceding 
one,  and  it  is  also  demonstrated  by  direct  evidence.  A  number  of 
individual  cases  taken  from  the  school  records  in  Boston  (2)  have 
been  reported.  They  show  not  only  that  individual  variations 
exist,  but  also  that  in  many  cases  they  have  been  materially  re- 
duced or  entirely  eliminated  by  diagnosis  and  corrective  instruction. 
In  an  investigation  based  upon  the  Cleveland  Survey  Tests,  Smith 
(27)  reports  the  case  of  a  pupil  who  exhibited  marked  irregularities 
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at  the  beginning,  but  who  after  a  few  weeks  of  corrective  instruc- 
tion showed  almost  uniform  attainments. 

23.  AritJimetical  study  and  practice  wliicJi  is  motivated  hy 
'practical'  problems  produces  results  superior  to  those  secured  by 
using  the  problems  in  the  textbook. 

This  principle  is  based  upon  the  results  of  four  experiments 
carried  on  under  the  direction  of  Miss  Grace  A.  Day  of  Teachers 
College,  New  York  'City.^  Each  of  the  experiments  was  conducted 
with  only  a  small  group  of  pupils,  and  the  results  of  any  one  would 
not  be  significant,  but  all  point  to  the  same  conclusion. 

24.  Systematic  measurement  of  the  results  of  teaching  by 
standardized  tests  produces  a  higher  degree  of  efficiency. 

In  Boston  (4)  the  Courtis  Standard  Research  Tests  in  Arith- 
metic have  been  used  systematically  in  certain  schools  since  1912, 
whereas  in  others  these  tests  were  not  given  until  1915.  In  certain 
other  schools,  the  use  of  the  tests  was  begun  between  these  two 
years.  A  comparison  of  the  results  obtained  in  the  three  groups  of 
schools  shows  that  the  best  results  were  obtained  in  those  schools^ 
in  which  the  tests  had  been  used  systematically  since  1912.  The 
value  of  the  systematic  use  of  the  standardized  tests  is  also  indi- 
cated in  Principle  16. 

25.  Pupils  need  to  be  taught  the  meaning  of  technical  terrnx 
that  are  used  in  the  statement  of  problems,  as  a  prerequisite  for 
reasoning  in  solving  problems. 

In  an  investigation  covering  a  limited  number  of  cases.  Miss 
Chase  (8)  shows  that  pupils  are  strikingly  ignorant  of  the  technical 
terms  that  are  used  in  stating  the  problems  they  are  asked  to  solve. 
This  being  the  case,  'reasoning'  is  impossible,  because  the  pupil  does 
not  have  the  necessary  data  and  must  resort  to  memory  and  guess 
work.  The  remedy  for  this  situation  is  specific  instruction  in  the 
meaning  of  the  technical  terminology  of  the  arithmetical  problems. 

TESTS  AND  SCALES  FOR  MEASUREMENT  IN  ARITHMETIC 

A  large  num.ber  of  tests  have  been  devised  to  measure  the  re- 
sults of  teaching  arithmetic.     There  is  given  here  a  selected  list 


^The  writer  is  indebted  to  Miss  Day  for  making  accessible  these  unpub- 
lished manuscripts. 
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of  such  tests,  together  with  the  address  from  which  each  may  be 
obtained. 

1.  Cleveland  Survey  Tests.  These  were  designed  for  use 
in  the  survey  of  the  Cleveland  Public  Schools.  They  have  been 
revised  slightly  and  used  in  the  surveys  at  Grand  Rapids  and  St. 
Louis.  The  series  consists  of  fifteen  tests,  including  four  in  addi- 
tion, two  in  subtraction,  three  in  multiplication,  four  in  division, 
and  two  in  addition  and  subtraction  of  common  fractions.  The 
total  working  time  is  22  minutes,  and  the  administration  of  the 
tests  is  simple.  They  furnish  a  more  detailed  analysis  than  can  be 
secured  by  means  of  the  Courtis  Standard  Research  Tests,  Series  B. 
Address  Charles  H.  Judd,  School  of  Education,  University  of 
Chicago,  Chicago,  Illinois. 

2.  Courtis  Standard  Research  Tests,  Series  B.  This  series  of 
tests  consists  of  one  test  each  of  the  four  fundamental  operations. 
The  tests  measure  the  rate  and  accuracy  with  which  the  pupil  can 
perform  these  operations  with  one  type  of  example.  The  adminis- 
tration is  very  simple.  The  total  time  required  to  give  them  is  26 
minutes.  They  have  been  used  extensively  since  their  first  publica- 
tion in  1914.  The  measures  have  been  proved  reliable  in  75  to  90 
per  cent,  of  the  eases.  Address  Mr.  S.  A.  Courtis,  82  Eliot  Street, 
Detroit,  Michigan. 

3.  Monroe's  Diagnostic  Tests  in  Aritlimetic.  This  is  a  series 
of  21  tests,  including  operations  with  integers,  common  fractions 
and  decimals.  The  tests  are  arranged  so  that  the  total  time  re- 
quired for  giving  them  is  only  31  minutes.  The  diagnosis  secured 
by  their  use  is  the  most  complete  that  can  be  secured  by  any  series 
of  tests  now  available.  They  are  designed  to  supplement  the  Cour- 
tis Standard  Research  Tests,  and  are  more  helpful  than  those  to  the 
teacher.  Tests  1  to  11  are  on  integers  and  may  be  used  in  Grades 
IV  to  VIII.  Tests  12  to  16  are  on  common  fractions  and  may  be 
used  in  Grades  V  to  VIII.  Tests  17  to  21  are  on  decimal  fractions 
and  may  be  used  in  Grades  VI  to  VIII.  Address  Bureau  of  Edu- 
cational Measurements  and  Standards,  Emporia,  Kansas. 

Woody 's  Arithmetic  Scales.  These  consist  of  two  series  of 
four  tests,  one  for  each  of  the  fundamental  operations.  They  differ 
from  such  tests  as  the  Courtis  Standard  Research  Tests,  Series  B, 
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ill  that  the  examples  in  each  scale  have  been  carefully  graded  and 
arranged  in  order  of  diftlcnlty.  They  are  called  "diliiculty  tests" 
to  distinguish  them  from  the  type  of  test  described  above.  In  con- 
tent they  include  integers,  decimal  fractions,  common  fractions  and 
denominate  numbers.  Series  A  and  Series  B  are  similar,  except 
that  Series  A  is  more  finely  divided.  Address  Bureau  of  Publica- 
tions, Teachers  College,  Columbia  University,  New  York  City. 

Starclvs  Arithmetical  Scale.  This  test  consists  of  a  series  of 
arithmetical  problems  which  are  arranged  in  order  of  increasing 
difficulty.  Address  Daniel  Starch,  University  of  Wisconsin,  Madi- 
son, Wisconsin. 

Stone's  Reasoning  Test.  This  is  a  single  test  designed  to  be 
given  to  Grades  IV  to  VIII.  The  problems  have  been  carefully 
evaluated.  The  test  was  used  in  the  survey  of  the  public  schools  of 
Butte,  Montana,  and  Salt  Lake  City,  Utah.  Address  Bureau  of 
Publications,  Columbia  University,  New  York  City. 

Monroe's  Standardized  Reasoning  Tests.  These  are  a  series  of 
three  tests — Test  I  for  Grades  IV  and  V ;  Test  II  for  Grades  VI  and 
VII  and  Test  III  for  Grade  VIII.  The  problems  of  these  tests  have 
been  carefully  selected  so  as  to  be  representative  of  the  one-step 
and  two-step  problems  in  the  arithmetic  texts  now  in  use.  These 
tests  supplement  in  a  very  valuable  way  the  Courtis  Standard  Re- 
search Tests.  Address  Bureau  of  Cooperative  Research,  Indiana 
University,  Bloomington,  Indiana. 
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